« Pseudo Random Number Generator

Viqp=(aV;+¢) mod (m) i=0,1,...,

where V_0: seed a: multiplier c: increment m: modulus
Theorem : LCG has full period if and only if

1. If gis a prime that divides m, then q divides (a - 1).
2. The only positive integer that divides m and ciis 1.
3. If 4 divides m, then 4 divides a- 1.

exponential distribution inversion method: x =- %ln(l —u)
« generate poissong distribution:

1. Generate arandom number U
2.1=0,p=e A JF =

3. IfU < F, set X = zandstop
4.p:(1+1>p7F F+pi=1+4+1.
5. Goto Step 3.

« generate a random variable having density function
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1. Generate u; ~ U(0, 1)
2. ifu; < 0.25,
x —2)2
uy = (TT), z=2+2u;

else
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+ Rejection Method

1. Discrete random variable
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« N(0, 1) support set: {-00, x < oo}

« X|&=E2X support set: {x>0}
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« 7|5t X support set: {x=1,2,...}
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2. Continuous random variable
Example 1: Beta Distribution

Target Distribution: f(z) = 20z(1 — z)3, 0 < z < 1 (Beta(2,4))
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Instrument Distribution: g(z) =1, 0 <z < 1 (UniformU(0, 1))

Note that g(z) has the same support as f(x).
Calculating constant c:

f(z)
g(z)

To maximize this ratio, we take the derivative:

=20z(1 —2)3

i /() = —z)° —3x(l—2x
x(g(x))_QO[(l ) —3z(1—z)2] =0

Solving for x:
1
1—-2)—32=0 = 1—-42=0 = z=7
Substitute x = 1/4 back into the ratio:

¢ = max ’gcg)) =20 G) G)S = 16345 ~ 2.109

™ Step 3.12 SO}ZIC}

The acceptance condition is:

f) _ 256
cg(z) 27

(1 —z)3

1. Generateu, ~ U(0,1),u, ~ U(0,1).

2. fuy < Zuy (1 —uy)?,set X = u,.

3. Otherwise, return to Step 1.

Numerical Example:
Ifu; = 0.37,uy = 0.68:

2 .
0.68 < g(o.:w)u —0.37)% &~ 0.877202

Condition is met. Stop. X = 0.37.
Example 2: Gamma Distribution
Target Distribution: Gamma(3/2, 1)

1 2
f(x)= Kz >0, whereK = T3/9) = 7
So, f(x) = \f\f"
- Y02 E: %10‘ Le—Bry
- Aoigmo ma: & = U2 = 3/9)
. gokgs: T(a) = 2% te %dz = (o — 1)!
w2 ER: [ f(2)g (0)de = [f(x)g(@)]F — [T ' (@)g(x)dx
Instrument Distribution: Exponential with mean 3/2
2
glz)=Ze3% >0
3
Calculating constant c:
Ratio: 2 12
——x /e " 3
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To find max, differentiate and set to 0:

d (flx)) _ 0 = Lo12p-es _ L1 am _
dz \ g(z) 2 3
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Substitute z = 3/2:

g(z) 7w

The acceptance condition simplifies to:

fl@)  (2e\"? L, L
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f@) _ 3 <3>1/2€,1/2: j\/jw

1. Generateuq ~ U(0,1),uy ~ U(0,1).SetY = —2 In(uy)

1/2
2. Ifuy < (%) / e Y3 set X =Y.
3. Otherwise, return to Step 1.

« Composition Method

Suppose that we have efficient method to generate two discrete random variables with dis-
tribution as {p}, j > 0} and {p7,j > 0}. And we want to simulate random variable X

having distribution

PriX =j]=ap;+(1—a)pi, j>0

where 0 < a < 1.

To generate X, if random variables X; and X, have distributions

Then, the random variable X defined as

¥ = X, with probability o
X,y with probability 1 — o

has distribution
Pr(X =j] = apj + (1 - a)p]
Thus, X can be generated by the following steps.

1. Generateu ~ U(0,1)
2. Ifu < «, generate X1, else generate X,.



Example

B 4 0.05 forj=1,2,3,4,5
pJ—PT[X—ﬂ—{o.ls) forj=6,7,8,9,10

Note thatp; = 0.5p]1- + O.5p]2- where

p}:0.1 j=1,2,...,10

2 J0 1,2,3,4,5
Pi =02 3_67778,9,10
1. Generateu; ~ U(0,1)anduy ~ U(0,1)
2. ifu; < 0.5,set X = |10uy] + 1, otherwise X = |5u, | + 6.
+ Alias Method
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« Chi-square Test

k 2
X2 = ; % ~ Xiflfl distribution
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+ Kolmogorov-Smirnov Test
Example
Observed samplesare 0.1,0.2,0.3,0.9withn = 4
Empirical CDF values:

F(0.1) =0.25, F(0.2) =0.5, F(0.3)=0.75, F(0.9)=1.0
Theoretical CDF (Target Distribution):
F(z)==
Test Statistics Calculation:

Dt = max{0.15,0.3,0.45,0.1} = 0.45
D~ = max{0.1,—0.05,—0.2,0.15} = 0.15

Fora = 0.01,n = 4 D, ,, = 0.733. Therefore, do not reject Hy.

Instead of D, , use the following table of ¢; .

1-a| 085 090 |095 | 0975 0.990
. | 1.138 | 1.224 | 1.358 | 1.480 | 1.628

1
If (/1 +0.12 4 UT)D>L1 «  then reject Hy

Example [fa = 0.05,

) 11
(_\/i +0.12 + O—E)OAS = 0.97875 < 1.4  Thus, do not reject Hy
v

« Monte Carlo Approach

Let g(z) be a function of variable . Computing

1
9=/0 g(z)dx

0= E[g(U)]

IfU ~ U(0,1), then

Monte Carlo Approach to compute ¢: Ifu, ...

>

,uy, iid U(0, 1), then

[9(U)] =0ask — o0

» Example 1

Forf = fab g(x)dx

Use substitution technique

y= .Z_aa $:a+(b_a)ya dz:(b—a)dy
—a
b 1
[ stz = [ gla+ - am)e-ay
a 0
1
~ [ hway
()
1. Generate uq, Uy, ..., iid U(0, 1)

0 = averageof g(a + (b — a)u;) (b — a) = h(u;)

For ) = fooo g(z)dz

« Example: Estimation of 7

X,Y ~ U(—1,1) Define

1 fX?T4+Y2<
0 otherwise

Then

E[Il=PriX?+Y2<1] =~
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